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ABSTRACT 
This paper presents a numerical study of the cake 
formation and growth in sedimentation or filtration in 
which the flow of discrete particles is three-dimensional 
and the flow of continuous liquid one-dimensional. The 
motion of particles is controlled by various forces, 
including particle-particle interactions due to collision and 
the van der Waals forces between particles, and particle-
fluid interactions such as buoyancy, drag and lift forces. 
The validity of the method is tested by comparing the 
simulated and measured results. It is shown this 
simulation technique can generate detailed information at 
both microscopic and macroscopic levels. The cake 
thickness, average cake solidosity, filtrate volume, filtrate 
flow rate (for constant pressure filtration) or pressure drop 
across the filter unit (for constant rate filtration) as a 
function of filtrate time have been quantified under 
different flow and operational conditions. The effects of 
variables such as particle size, Hamaker constant, fluid 
density and fluid viscosity on cake properties are 
examined through a series of controlled numerical 
experiments.  

INTRODUCTION 
Sedimentation and filtration are the solid-liquid separation 
processes widely used in the chemical and mineral 
industries. Separated from the slurry (mixture of particles 
and liquid), particles will eventually form a packed bed 
known as ‘cake’. Cake formation and structure are very 
important to the process and have been subjected to 
research for decades. For instance, cake resistance in 
filtration, which directly affects the performance of the 
process, is mainly determined by the structure of the cake. 
To fully understand the cake structure, it is required to 
study the cake formation and growth at a particle level. 
However, such microscopic information will be difficult 
to obtain either with the phenomenological theories 
(Burger, et al., 2001) or the current experimental 
techniques.  
 
Several semi-dynamic methods were developed in the past 
to overcome this difficulty. Houi and Lenormand (1986) 
proposed a sticking model to describe the 2D deposition 
of spheres on the filter medium. Tassopoulos et al. (1989) 
developed a discrete stochastic model to consider the 
probability of particle deposition on a substrate surface. 
Later on, Lu and co-workers (Lu and Hwang, 1993; Lu et 
al. 1993; Lu and Hwang, 1995) developed a kinematic 
model to simulate the whole process of cake formation. In 
their model, force balance on a single particle was 
considered, including gravity force and particle-fluid 

forces. While these models have revealed some micro 
mechanisms of the cake formation, they are based on 
assumptions for stable state and therefore not fully 
dynamic models.  
 
On the other hand, the discrete element method (DEM) is 
based on Newton’s equations of motion, providing a first 
principal approach to describe the motion of individual 
particles in a considered system. While the DEM model 
was originally used in environments absent of fluid, 
increasingly efforts have been made to extend this model 
to the mixture of fluid and particles. The successful 
coupling of DEM with CFD (computational fluid 
dynamics) in the study of gas-solid flow has proved the 
applicability of the DEM model in the fluid environment 
as recently reviewed by Yu and Xu (2003). Recent 
experimental work of the forces between particles in 
liquid environment (Zhao and Davis, 2002) has also made 
the extension of the DEM model to the systems of the 
mixtures of particles and liquids possible.  
 
In this paper, the DEM model is extended to simulate 
sedimentation and filtration. The cake formation and 
growth will be discussed. The effect of liquid and particle 
properties such as liquid density, liquid viscosity and 
Hamaker constant on cake formation and structure will 
also be studied. 

MODEL DESCRIPTION 
In DEM simulation, a particle possesses the translational 
and rotation motion which can be described by: 
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where vi, ωi , mi and Ii  are, respectively, the transitional 
and angular velocities, mass and moment of inertia of 
particle i; Fi and Ti  are the total forces and torques acting 
on the particle (Fig. 1). In the present work, the total force 
and torque are given by:  

( ) gFFFFFFF iliftdragbuoy
v
ij

s
ij

n
iji m++++++= ∑  (3) 

( )∑ −×=
j

r
ij

s
ijii TFRT      (4) 

where Fn, Fs, Fv, Fbuoy, Fdrag and Flift are, respectively, 
normal contact force, tangential contact force, van der 
Waals force, buoyancy force, drag force and lift force. 
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Figure 1. Schematic illustrations of the forces exerting 
on particle i 

The normal and tangential contact forces can be given by 
(Brilliantov et al., 1996; Johnson, 1985; Langston et al., 
1995): 
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~ ~where )1/( 2σ−= YE and Y and σ  are, respectively, 
Young’s modulus and Poisson ratio; ξn is the overlap 
between particles i and j; n is a unit vector running from 
the centre of particle j to the centre of particle i;. The 
normal damping constant, γ

ijˆ

n, can be treated as a material 
property directly linked to the normal coefficient of 
restitution. ξs and ξs,max are, respectively, the total and 
maximum tangential displacements of particle i during 
contact.  
 
The particle size considered in this work is down to 
micron meters; therefore the van der Waals force is also 
taken into account to describe the long-range cohesive 
force. This is given by (Israelachvili, 1991):  
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While it is recognised that an overlap between two 
colliding particles is possible in DEM, a minimum 
separation hmin is assumed in the present work. This is 
necessary in order to represent the physical repulsive 
nature between particles and avoid the singular attractive 
force when h equals zero (Yang et al. 2000). For 
simplicity the electrostatic and Brownian forces are 
ignored.  
 

To extend the DEM model to the fluid-particle system, the 
interaction between particles and fluids should be 
incorporated. There is a range of forces involved (Crowe 
et al., 1998). However, not all are important in particular 
application. In this work, three forces are considered, i.e. 
buoyancy, drag and lift forces, given by (Xu et al., 2000; 
Crowe et al., 1998). 
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In this case local porosity εi is assumed to depend on 
height only. Thus, the simulated box can be sliced into 
pieces along the sediment direction. The particles in a 
slice have the same local porosity. 

SIMULATION CONDITIONS  
This work concerns the sedimentation and filtration 
processes. In the simulation, two assumptions of fluid 
flow were made: (i) liquid flow is one-dimensional; and 
(ii) the liquid flow rate is constant across the 
sedimentation/filtration bed. In the sedimentation process 
the liquid velocity is set to zero while in the filtration 
simulation the liquid velocity relates to the flow-rate and 
is a function of the cake porosity and the pressure, 
calculated from the well-known Carman-Kozeny equation 
(Svarovsky, 2000): 
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where Lc , εc , and S0 are the thickness, porosity and 
specific surface area of the cakes respectively, uslurry is the 
flow rate. In this model, the simulated box will be sliced 
into pieces along the sediment direction. Each slice has its 
own average porosity. So the total pressure drop due to the 
presence of particles should be the sum of the pressure 
across each sector, i.e. 
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where the subscript i represents the ith piece. 
 

A simulation begins with the random generation of mono-
sized spherical particles with no overlap in a rectangular 
box with a width of 15 particle diameters. Then, the 
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particles will be allowed to settle down under the gravity 
and other forces to form a cake. Table 1 lists the physical 
conditions and parameters for the present simulation. Most 
of the parameters have been successfully used in the 
simulation of dry particles (Yang et al. 2000). As such, the 
present work focuses on the effects of liquid-related 
properties. 
 
Table 1.  Parameters in the simulation 

Parameter Value 
Particle size, Dp 20 – 2000 µm 
Particle density, ρp 2.46 × 103 kg/m3 
Particle number, N 2250 
Young’s modulus, Y 1.0 × 106 N m2 
Poisson’s ratio, σ~  0.29 
Sliding friction 

coefficient, µs 
0.3 

Rolling friction 
coefficient, µr 

0.002 

Liquid Density, ρf 1.0 – 2.45 × 103 kg/m3 
Liquid Viscosity, µf 0.0001238 – 0.1238 kg/ms 
Hamaker constant, Ha 1.0 × 10-22 – 6.5 × 10-20 J 
Minimum gap, hmin 1 nm 

RESULTS AND DISCUSSION 
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Figure 2. Comparison of simulated and experimental 
results for porosity under different liquid density. 

To validate the proposed model, simulations were made 
under similar conditions to those used in the experimental 
study of Onoda and Liniger (1990) in which glass beads 
were settled in the mixture of diiodomethane and toluene. 
In the simulation the Hamaker constant is the only 
adjustable parameter. This is because the Hamaker 
constant has different values in different media. Although 
the Hamaker constant for glass beads is well known when 
the medium is air (6.5×10-20J) or water (0.57×10-20J), no 
empirical data is available for the liquid mixture currently 
used. Therefore, we varied its value in the simulation. It 
can be seen from Fig. 2 that when the Hamaker constant is 
1.0×10-21J, the simulation can accurately reproduce the 
experimental data. The agreement between simulation and 
experimental data also indicates the applicability of the 
numerical model. Note that although here porosity is 
plotted as a function of liquid density, viscosity of a liquid 

mixture also varies with its composition, which has been 
taken the present simulations.  

Cake formation 
To study the effect of particle and liquid properties on the 
cake formation in a sedimentation process, several 
simulations were performed with different liquid density, 
viscosity and Hamaker constant.  Figures 3-5 show the 
cake thickness and porosity as a function of time under 
different simulation conditions during the sedimentation 
process. It can be seen from these figures that cake 
thickness increases almost linearly with time, which is 
qualitatively in good agreement with present theories of 
sedimentations (Garrido et al., 2000). It is also shown that 
the cake porosity has a steep decrease at the beginning and 
quickly reaches a stable value which is similar to that of 
the so called loose random packing (Yang et al., 2000). 
 
The results also show that the increase of liquid density 
(Fig. 3) or viscosity (Fig. 4) increases the sedimentation 
time. On the other hand, the Hamaker constant (Fig. 5) has 
very small effect on the sedimentation time but causes 
larger differences in cake porosity, which will be 
discussed further in sections 4.2 and 4.3. 
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Figure 3. Cake porosity (dash line) and thickness (solid 
line) as a function of time for different liquid density 
when Dp = 250 µm, Ha = 0.57 × 10-20 J, µf  = 
0.001238kg/ms: (a) and (c) are cake thickness and 
porosity for ρf  =1500kg/m3; (b) and (d) thickness and 
porosity for ρf   = 500 kg/m3.    
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Figure 4. Cake porosity (dash line) and thickness (solid 
line) as a function of time for different liquid viscosity 
when Dp = 250µm, Ha = 0.57 × 10-20 J, ρf  = 103 kg/m3: (a) 
and (c) are cake thickness and porosity when µf = 1.238× 
10-4 kg/ms; (b) and (d) thickness and porosity when µf   = 
1.238× 10-3 kg/ms. 

191 



 
 

Fl
ow

 R
at

e 
(m

m
/s

) 

0

0.2

0.4

0.6

0.8

1

0 20 40 60 80 100 120
Time (sec)

Po
ro

si
ty

0

0.5

1

1.5

2

2.5

3

Th
ic

kn
es

s 
(m

m
)

a

b

c

d

 
Figure 5. Cake porosity (dash line) and thickness (solid 
line) a function of time for different Hamaker constant 
when Dp = 250µm, µf  = 1.238×10-3kg/ms, ρf= 1000kg/m3: 
(a) and (c) are cake thickness and porosity when  
Ha = 6.5 × 10-20 J; (b) and (d) thickness and porosity when 
Ha = 0.57 × 10-20 J. 

Two types of filtration were simulated: constant flow rate 
and constant pressure. In the constant flow rate filtration 
the velocity of the slurries remains unchanged while the 
pressure drop increases with time. Figure 6 shows the 
effect of Hamaker constant on the pressure, indicating 
higher values of Hamaker constant will slow the increase 
of pressure drop. This is because cake porosity can be as 
high as 0.60 with Ha = 6.5 × 10-20 J and decrease to 0.46 
when Hamaker constant equals 5.7 × 10-21 J. 
 

 
Figure 6. Pressure drop as a function of filtration time 
for different Hamaker constant when Dp = 20 µm, ρf = 1.0 
× 103 kg/m3, µf = 0.001238 kg/ms, Uf = 0.01 m/s. 

In constant pressure filtration, two stages can be observed: 
At the first stage, the slurry possesses a constant flow rate 
similar to the initial flow rate as the cake accretes; at the 
second stage when the pressure drop reaches its preset 
maximum, the flow rate decreases to keep the pressure 
drop constant. Figure 7 shows the flow rate as a function 
of time at different pressure drops, which agrees 
qualitatively with the experimental results (Svarovsky, 
2000). Figure 8 shows the cake thickness and porosity at 
two pressure drops. It can be seen that the higher the 
pressure drop, the faster the filtration. Yet the pressure has 
very little effect on the cake solidosity (porosity).  
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Figure 7. Flow rate as a function of filtration time for 
different pressure drop when Dp = 20 µm,  
ρf = 1.0 × 103 kg/m3, µf = 0.001238 kg/ms,  
Ha = 5.7 × 10-21 J, Uf,0 = 0.01m/s. 
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Figure 8. The effect of pressure drop on cake thickness 
and porosity when Dp = 20 µm, ρf = 1.0 × 103 kg/m3,  
µf = 0.001238 kg/ms, Ha = 5.7 × 10-21 J, Uf,0 = 0.01 m/s. 
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The structure of the formed cake and the effect of particle 
and liquid properties on the structure are discussed in this 
section. As the first step, only cakes formed by 
sedimentations are examined in this paper. Porosity, a 
common parameter for describing a packed bed, is used to 
identify the cake structure. 
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Figure 9 shows the effect of Hamaker constant on cake 
porosity. It shows that: (i) porosity increases with the 
decreasing particle size when particle size is less than a 
certain value, which is similar to the packing of particles 
in air (Yang et al., 2000); (ii) a large Hamaker constant 
results in a large porosity, which further confirms that a 
high van der Waals force will result in a loose cake 
structure; and (iii) the van der Waals force plays a more 
important role in the liquid than in air. This can be seen 
when comparing the packings formed in the liquid 
(sedimentation) and in air. Although in both cases the 
Hamaker constant is 6.5× 10-20 J, porosity has increased 
much more for cakes as particle size decreases. 
 
Figure 10 shows the increase of cake porosity with the 
increase of liquid density when the van der Waals force 
exists (Ha≠0). However, if the van der Waals force is 
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ignored, cake porosity will have little change. Therefore 
the van der Waals force is the ultimate reason for the rise 
of the cake porosity while the increase of liquid density 
will magnify the effect of van der Waals force, especially 
when the liquid density is close to the particle density 
because the buoyancy force counteracts most of the 
gravity force. As the gravity force decreases rapidly with 
particle size, smaller sized particles will receive a higher 
increase in porosity as liquid density increases, as seen in 
this figure.  
 
Liquid viscosity is another important parameter affecting 
the cake structures. From Fig. 11 it can be seen that the 
increase of viscosity will yield an increase in cake 
porosity. Importantly, the existence of the van der Waals 
force is a prerequisite. This is obvious when examining 
the results simulated when Hamaker constant is zero. As 
shown in Fig. 11, cake porosity is not sensitive to 
viscosity in this case. Unlike the buoyancy force, the drag 
force improves the effect of van der Waals force by 
restricting the movement of the particles and hindering the 
rearrangement of particles during the accretion of cakes. 
This will cause the cakes to form a loose structure. Also 
from the figure we can see that with different liquid 
densities, the effect of liquid viscosity is different.  
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Figure 9. Porosity as a function of particle size for 
different Hamaker constant when ρf = 1.0 ×103kg/m3,  

µf  = 0.001238 kg/ms. 

0.35

0.4

0.45

0.5

0.55

500 1000 1500 2000 2500
Liquid Density kg m-3

Po
ro

si
ty

1000 micron meters
250micron meters
250 micron meters (Ha = 0 J)

 

Figure 10. Cake porosity as a function of ρf when 
µf=0.001238 kg/ms, Ha = 5.7× 10-21 J. 

To further examine the effects of liquid properties, the 
evolution of the three liquid related forces during a 
settling process has been traced, as shown in Fig.12, 
where the forces at a given time are obtained by averaging 
those on all the particles).  As expected, the buoyancy 
force remains unchanged. The lift force in the settling 
process is almost negligible. While the drag force 
increases rapidly to the limit of the effective gravity force 
(defined as the gravity force subtracted by the buoyancy 
force), and then decreases to zero, with some small 
fluctuations. The increase of liquid viscosity will give rise 
to the drag force and cause the cakes to be looser. 
However, unlike the buoyancy force, the drag force will 
decrease to zero when a stable cake is formed and will not 
exist in the final states of cakes. 
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Figure 11. Porosity as a function of liquid viscosity for 
different liquid density when Dp = 1 mm, Ha = 5.7 × 10-

21J. 
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Figure 12. The evolution of liquid-particle force during 
the sedimentation process when Dp = 1 mm,  
ρf =1.0 × 103 kg/m3, µf = 0.001238 kg/ms, Ha=5.7 × 10-21J 

For particles packing in air, it has been found that its 
porosity can be related to the force ratio of van der Waals 
force to the gravity force (Yang, et al. 2000). Because of 
the involvement of the buoyancy force, we use the 
concept of effective gravity force. Thus, two force ratios 
are used in this work for quantitative analysis, defined by:  

||/|| ,effectiveg
j

v
ij FF∑=χ   (17) 
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Figure 13 shows porosity, ε, as a function of the force 
ratios, where the lines are generated from the equations 
formulated in our previous work of particle packing in air 
(Yang et al. 2000). It clearly shows that our present data 
agree quite well with the previous analysis. Therefore the 
result further supports the argument that there is a general 
relationship between porosity and interparticle force for 
commonly used particles, as proposed by Yu et al. (2003). 

 
Figure 13. Porosity of final states as a function of force 
ratio. 

CONCLUSIONS 
 
• The DEM simulation model has been successfully 

extended to the process of sedimentation and 
filtration. Cake formation and growth in these 
processes have been studied by numerical 
experiments. 

• 

• 

Effects of particle size, liquid density, liquid 
viscosity and Hamaker constant on the cakes have 
been examined numerically. It is found that the 
increase of Hamaker constant, liquid viscosity, liquid 
density and the decrease of particle size will increase 
the cake porosity. 
The van der Waals force is identified as the most 
important force controlling the cake structure while 
other liquid-particle forces such as buoyancy and 
drag forces can enhance this effect. In general, cake 
porosity increases with the increase of the van der 
Waals force relative to the effective gravity force.  
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