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ABSTRACT
Due to increasing computer power the numerical simulation
of fluidized and moving beds has become feasible. How-
ever, while kinetic theory based CFD (Computational Fluid
Dynamics) has become a valuable design tool for modeling
pilot plant scale gas-solid fluidized bed reactors, a fully re-
solved simulation of industrial scale reactor is still nearly
unfeasible. It is, therefore, common to use sub-grid models
to account for the effect of the small unresolved structures
on large resolved scales when using coarse grids. Further-
more, state-of-the-art kinetic theory based CFD models for
fluidized beds fail to predict the mass flow rates from hop-
pers and moving beds correctly, where frictional contacts
between the particles dominate. We present a comprehen-
sive frictional-kinetic model for fluidized and moving beds.
A sub-grid drag correlation accounts for the drag reduction
due to the formation of sub-grid particle clusters. In ad-
dition to a µi(Is)-rheology a dilation law is established in
the frictional regime. Firstly, it is shown that in case of the
coarse grid simulations the predicted bed expansion agrees
excellently with fully resolved simulations. Secondly, the
mass flow rate from a rectangular bin is in excellent agree-
ment with measurements.

NOMENCLATURE
LATIN SYMBOLS
b, ni parameters for sub-grid drag (i ∈ {1, 2, 3})
Cd drag coefficient (see equ. (5))
Dq rate of deformation tensor for phase q
ds, dcl particle diameter, cluster diameter
d, cl, c superscripts denoting properties of the dilute,

cluster and dense phase
es, ew coefficients of restitution for particle-particle

and particle-wall collisions
F i
d sub-grid drag forces per unit volume

fd, fc volume fractions of dilute and dense phase
g0 radial distribution function
Hd Heterogeneity index
Is inertial number (equ. (15))
n outwarding unit surface normal
pfr
s , pkc

s solids pressures due to friction, due kinetic
and collisional contributions

q flux of pseudo-thermal energy (equ. (10))
Ss solids stress tensor with frictional, Sfr

s , and a
kinetic-collisional, Skc

s , contribution
Tg shear stress tensor of the gas phase
Res particle Reynolds number
ug , us local average velocity of gas and particle

phase, respectively

usl
s slip velocity

GREEK SYMBOLS
βWY interphase drag coefficient of Wen and Yu
βe effective drag coefficient
β0 tangential restitution coefficient
εg , εs volume fractions of interstitial gas and parti-

cles, respectively
εmax
s maximum packing ratio
γΘ rate of dissipation of pseudo-thermal energy

by inelastic collisions (equ. (10))
λkc
s solids bulk viscosity from KTGF
µi, µw coefficient of internal friction and of wall fric-

tion
µs solids viscosity
ρg , ρs densities of interstitial gas and solids, respec-

tively
τ s solids wall shear stresses
Θ granular temperature

INTRODUCTION
Fluidized beds and moving beds are widely used in process
industries, for example, for biomass reactors, polymeriza-
tion reactors, metallurgical processes and for the discharge
of granular materials from silos. However, due to compu-
tational limitations a fully resolved simulation of industrial
scale reactors is unfeasible (Parmentier et al., 2012). An-
drews et al. (2005) suggested that a grid-independent solu-
tion can be obtained up to the grid size in the order of 10
particle diameters. In recent years, several approaches has
been proposed to account for the effect of the small unre-
solved scales on the interphase momentum exchange when
using two-fluid models with coarse realistic meshes. Igci
and Sundaresan (2011) Parmentier et al. (2012) derive resid-
ual correlations from filtering fully resolved simulations.
The EMMS approach (Lu et al., 2009; Hong et al., 2012) is
based on the assumption that heterogenous structures form,
which require additional modeling. The resulting underde-
termined set of equations is solved by minimizing a cost
function, referred to as stability condition. Finally, Wang
et al. (2010) proposed a modification of homogenous drag
models to account for heterogenous structures in bubbling
fluidized beds, where the volume fraction of the bubbles is
based on empirical correlations.
An adequate modeling of the unresolved part of the drag
is essential to predict the correct bed expansion (Parmen-
tier et al., 2012). In fact, the bed expansion appears to be
nearly independent on the unresolved contribution of the
particle stress. However, it has to be noted that although the
magnitude of the drag force is much larger than the particle
stresses, neglecting their unresolved contribution produces
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quantitative changes in the predicted results (Igci and Sun-
daresan, 2011).
However, the general applicability of above mentioned
modifications of homogenous drag correlations to bubbling
fluidized beds is unverified. For example, the EMMS model
was originally developed for risers. Igci and Sundaresan
(2011) accounted for frictional stresses at solids volume
fractions only above 0.59 when deriving the residual cor-
relations for the effective drag. However, frictional stresses
may become important even a significantly smaller solids
volume fractions. Parmentier et al. (2012) introduced a
shape parameter to match the results coarse grid simulations
with corresponding fully resolved data.
In this paper, we present a filtered (effective) drag corre-
lation for two-fluid models accounting for unresolved, i.e.
sub-grid, structures in bubbling fluidized beds. In the next
section the two-fluid model is presented, which the solids
stress tensor is given by the addition of the collisional, ki-
netic and frictional stresses (Schneiderbauer et al., 2012a).
After a detailed discussion of the effective drag, the model
is tested for a bubbling fluidized bed of Geldard B particles.
Finally, the discharge of particles from a rectangular bin is
studied.

MODELLING GAS–PARTICLE FLOWS
In this paper, we use the two-fluid model approach for gas-
particle flows presented in our previous study (Schneider-
bauer et al., 2012a). The averaged continuity equation for
phase q is written in equation (1). Note, equations (1) – (17)
are summarized in table 1. In equation (1) uq denotes the
velocity, εq the volume fraction and ρq the density of phase
q. In case of mono-disperse gas-particle flows q denotes ei-
ther the gas phase g or the solid phase s. The averaged mo-
mentum equations for the gas-solid flow are given in equa-
tions (2) and (3). It is well established that the interphase
momentum exchange coefficient, i.e. the drag coefficient
β, of Wen and Yu (1966) well predicts rising bubbles and
bed expansion (equation (5)), which is given in equation
(5). Even during the discharge of Geldart B particles from
a hopper the interphase momentum exchange plays an im-
portant role (Srivastava and Sundaresan, 2003). In equation
(5) ds denotes the diameter of the spherical grains, µg the
molecular viscosity of the gas phase and Res the particle
Reynolds number. However, (5) is only valid for homoge-
neously distributed particles, i.e. sub-grid effects such as
clustering are negligible.
The stress-strain tensor for the gas phase, Tg , in equation
(7) is given by a simple Newtonian closure, where Dq de-
notes the rate-of-deformation tensor for phase q.
While in dense particulate flows the diffusive and convec-
tive transport of momentum is dominated by inter-particle
collisions and inter-particle contacts (friction), in dilute par-
ticulate flows it is determined by the translational motion of
the grains. If a huge number of particles is involved it will
be practical to apply the kinetic theory of granular flows to
close the solids stress tensor, Skc

s , arising from kinetic and
collisional contributions. This closure requires, analogous
to the kinetic theory of gases, that the above set of equations
be augmented by a balance of pseudo-thermal energy (PTE)
of velocity fluctuations, EPTE (Agrawal et al., 2001). The
balance equation for EPTE is given by equation (4), where
Θ = 2/3EPTE denotes the granular temperature. Finally,
the kinetic and collisional solids stress tensor, Skc

s , is writ-
ten in a compressible sense to account for the resistance of
the granular particles to compression and expansion (equa-
tion (7)). Here, pkc

s denotes the solids pressure (equation
(13)), λkc

s the granular bulk viscosity (equation (13)) and
µkc
s the kinetic-collisional granular viscosity (equation (8)).

In equation (4) the first term of the right hand side, −Skc
s :

∇us, determines the generation of pseudo-thermal en-
gery. The second term, −∇ · q, represents the diffusion
of pseudo-thermal energy, where the flux vector q is de-
fined in equation (10). The transfer of the kinetic energy
of random fluctuations in particle velocity from the solids
phase to the gas phase is represented by the third, Γs, and
forth term, Jv , on the right hand side of equation (4). The
collisional dissipation, γΘ, represents the rate of dissipation
of the pseudo-thermal energy, Θ, due to inelastic collisions
between particles determined by the restitution coefficient
es (equation (11)).
Equations (8) and (10) account for the role of the interstitial
fluid by the terms µ∗ and κ∗, respectively (Agrawal et al.,
2001). Additionally, the presence of bounding walls is con-
sidered by 1/(1 + ls/L) constraining the mean free path
of the particles, ls, by a characteristic length scale, L, of the
actual physical system. At equilibrium the mean free path is
given by ls = ds/(6

√
2g0εs). The radial distribution func-

tion g0 has to be introduced to the collisional integral in the
Boltzmann equation to incorporate the maximum packing
limit, εmax

s , to the kinetic theory of granular flows. We fol-
low Schneiderbauer et al. (2012a), who proposed equation
(6) to comply ‖Sfr‖ � ‖Skc‖ in the frictional regime.
At high volume fractions (εs & 0.4, Forterre and Pouliquen,
2008) grains start to endure long, sliding and rubbing con-
tacts, which gives rise to a totally different form of dissipa-
tion and stress, namely frictional. We follow our previous
study (Schneiderbauer et al., 2012a) and write the particu-
late stress tensor, Ss, as the sum of kinetic, collisional (Skc

s )
and frictional (Sfr

s ) contributions, i.e. Ss = Skc
s + Sfr

s .
In the frictional regime at high volume fractions the par-
ticle collisions are no longer instantaneous as assumed by
kinetic theory. It is, therefore, concluded that an expression
for the frictional part of the solids shear viscosity does not
depend on the amount of pseudo-thermal energy. The fric-
tional stress tensor is given by equation (7), where the fric-
tional viscosity µfr

s is defined by equation (15). In our previ-
ous study (Schneiderbauer et al., 2012a) it was shown that a
inertial number, Is, dependent rheology µi(Is) and a inter-
nal number dependent frictional pressure pfr

s (equations (14)
and (15)), which also includes shear rate dependent dilation,
delivers the correct dependence of the discharge rate on the
particle diameter in case of bin discharge. This is in con-
trast to state-of-the-art models as for example the Princeton
model Srivastava and Sundaresan (2003). Typical values for
the constants in equation (15) obtained for mono-dispersed
glass beads are I0 = 0.279, µst

i = tan(20.9◦) and µc
i =

tan(32.76◦) (Forterre and Pouliquen, 2008). Equation (15)
states that in the quasi-static regime (Is . 10−2) the ef-
fective friction coefficient, µi(Is), is close to its minimum,
µst
i . In the collisional regime (Is & 10−1−100) the friction

coefficient saturates to µc
i . For mono-dispersed glass beads

the constants in equation (14) take the values εmax
s ≈ 0.6

and b ≈ 0.2 (Forterre and Pouliquen, 2008). Note that
the frictional viscosity, µfr

s , diverges as dev‖Ds‖ tends to
zero. This divergence ensures that a Drucker-Prager-like
yield criterion exists. The frictional pressure diverges as
well as the volume fraction tends to the volume fraction at
maximum packing εmax

s . Both divergences can be treated
numerically by regularization techniques (Schneiderbauer
et al., 2012a).
Following Schneiderbauer et al. (2012a) and Schneider-
bauer et al. (2012b) the wall shear stresses, τ kc

s and τ fr
s , and

the flux of fluctuation energy at the bounding walls, n · q,
are given by equations (16)–(18). These boundary condi-
tions incorporate sliding and non-sliding collisions. ew and
β0 denote the normal and tangential particle-wall restitu-
tion coefficients. µw is the coefficient of wall friction and
n the outwarding surface unit normal. In Schneiderbauer
et al. (2012a) it was shown that these boundary conditions
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Continuity equation, momentum equation and transport equation for pseudo-thermal energy:

∂

∂t
εqρq +∇ · (εqρquq) = 0, (1)

∂

∂t
(εgρgug) +∇ · (εgρgugug) = −εg∇p+∇ · εgTg − β(ug − us) + εgρgg, (2)

∂

∂t
(εsρsus) +∇ · (εsρsusus) = −εs∇p−∇ ·

(
Skc
s + Sfr

s

)
+ β(ug − us) + εsρsg, (3)

3

2

(
∂

∂t
(εsρsΘ) +∇ · (εsρsusΘ)

)
= −Skc

s :∇us −∇ · q + Γs − Jv − γΘ. (4)

Drag law:

βWY =
3

4
Cd

εgεsρg‖ug − us‖
ds

ε−2.65
g , Cd =


24

Res

(
1 + 0.15Re0.687

s

)
Res < 103

0.44 Res ≥ 103
, Res =

εgρg‖ug − us‖ds
µg

. (5)

Radial distribution function:

g0 = min

(
1

1− εs/εmax
s

,
1

1− εs
+

3

2

εs

(1− εs)2
+

1

2

ε2s
(1− εs)3

)
. (6)

Gas-phase and solids phase stress tensors:

Tg = 2µgDg , Skc
s =

(
pkc
s − λkc

s tr(Ds)
)
I− 2µkc

s devDs, Sfr
s = pfr

s I− 2µfr
s devDs (7)

Dq =
1

2

(
∇uq + (∇uq)T

)
, devDs = Ds −

1

3
tr(Ds)I.

Solids viscosity:

µkc
s =

(
2 + α

3

){
µ∗

g0ηs(2− ηs)

(
1

1 + ls
L

+
8

5
εsηsg0

)(
1 +

8

5
ηs(3ηs − 2)εsg0

)
+

3

5
ηsµb

}
, (8)

µ∗ =
µ

1 +
2βµ

(εsρs)2g0Θ

, µ =
5ρsds

√
πΘ

96
, µb =

256µε2sg0

5π
, α =

8

5
, ηs =

1

2
(1 + es). (9)

Pseudo-termal energy (PTE) flux vector q, rate of dissipation of PTE γΘ, rate of dissipation of PTE by viscous damping Jv and rate of
production of PTE by gas-particle slip Γs:

q = −
κ∗

g0

{(
1

1 + ls
L

+
12

5
ηsεsg0

)(
1 +

12

5
η2
s(4ηs − 3)εsg0

)
+

64

25π
(41− 33ηs)η

2
sε

2
sg

2
0

}
∇Θ, (10)

γΘ =
48
√
π
ηs(1− ηs)

ρsε2s
ds

g0Θ3/2, κ∗ =
κ

1 +
6βκ

5(εsρs)2g0Θ

, κ =
75ρsds

√
πΘ

48ηs(41− 33ηs)
, (11)

Γs =
81εsµ2

g‖ug − us‖
g0d3

sρs
√
πΘ

, Jv = 3βΘ (12)

Solids pressure and bulk viscosity:

pkc
s = εsρs

(
1

1 + ls
L

+ 4ηsεsg0

)
Θ, λkc

s =
8

3
ηsε

2
sρsdsg0

√
Θ

π
. (13)

Frictional pressure and viscosity:

pfr
s = 4ρs

(
bds‖devDs‖
εmax
s − εs

)2

, (14)

µfr
s (Is, p

fr
s , devDs) =

µi(Is)p
fr
s

2‖devDs‖
, µi(Is) = µst

i +
µc
i − µst

i

I0/Is + 1
, Is =

2‖devDs‖ds√
pfr
s /ρs

. (15)

Boundary conditions for particulate phase in the collisional regime:

τkc
s = −ηwµwεsρsg0Θ erf(ūs)

usl
s

‖usl
s ‖
, µ0 =

7

2

1 + ew

1 + β0
µw, ηw =

1

2
(1 + ew) ūs =

‖usl
s ‖√

2Θµ0

, (16)

n · q = τkc
s · usl

s −
εsρsg0ηw

√
Θ

√
2µ2

0

√
π

exp
(
−ū2

s

){
µw

[
2µw‖usl

s ‖2(2ηw − µ0) + Θ
(

14µwηw − 4µ0(1 + µw)− 6µwµ
2
0ηw

)]
(17)

+ µ2
0

√
Θ exp

(
ū2
s

) [√
Θ
(
4(ηw − 1) + 6µ2

wηw
)
−
√

2πµw‖usl
s ‖ erf(ūs)

]}
.

Boundary conditions for particulate phase in the frictional regime:

τ fr
s = −

usl
s

‖usl
s ‖

{
τ fr,ns
s τ fr,ns

s < τ fr,sl
s

τ fr,sl
s else

with
τ fr,sl
s = µw

∥∥n · Sfr
s · n

∥∥
τ fr,ns
s =

∥∥Sfr
s · n−

(
n · Sfr

s · n
)
· n
∥∥ (18)

Table 1: Model equations for gas-particle flows (Schneiderbauer et al., 2012a).
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apply well to multiple-spout pseudo-2D fluidized beds and
moving beds.

SUB-GRID DRAG LAW
It is common to solve the model equations given in table
(1) by discretizing these equations in space by using a fi-
nite volume grid and in time by using finite differences.
The spatial discretization of the transport equations (1)–(4)
yields corresponding equations for the resolved parts of the
transport variables. Such a discretization can be regarded
as a filtering operation of a continuous space-time variable
g(x, t) reading as (Parmentier et al., 2012)

ḡ(x, t) =

∫∫∫
G(x− y)g(y, t) dy, (19)

whereG(x−y) denotes a weight function given by the dis-
cretization that satisfies

∫∫∫
G(x − y) dy = 1. ḡ(x, t) is

the filtered part of g(y, t) and is, therefore, the discretized
or resolved part. By applying equation (20) to the mo-
mentum equations (2) and (3) additional terms representing
the unresolved contributions arise. Parmentier et al. (2012)
showed that the unresolved part of the drag has to be mod-
eled adequately to predict the correct bed expansion. Fol-
lowing their study the filtered drag force can be modeled by
a multiplicative approach

β̄ = β̄WYHd, (20)

whereHd is a function accounting for the unresolved struc-
tures. β̄WY denotes the drag correlation of Wen and Yu
(1966) computed from filtered variables. According to the
EMMS groupHd can be considered as heterogeneity index.
It has to be mentioned that for sufficiently small grid spac-
ings, that is ∆ . 10ds, Hd ≈ 1 (Andrews et al., 2005).
Note that we skip the overbars indicating filtered variables
in the preceding discussion for better readability.
To obtain an expression for Hd we follow the idea of the
EMMS model assuming the heterogeneity inside fluidized
beds is caused by the formation of local clusters. Inside
(dense phase) and outside (dilute phase) a cluster the parti-
cles are considered as homogeneously distributed (figure 1).
The corresponding pressure balance between clusters and

heterogenous structures	

homogenous TFM	
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 Control volume: ug, us, εg	



dcl	



us
d 

ug
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c 
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Phase	


εg
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dilute	


Phase	


εg

d, f d	



Figure 1: . The schematic diagram of the sub-grid heterogeneity
(Hong et al., 2012).

dilute phase reads (Wang et al., 2008; Hong et al., 2012)

F d
d +

1

fd
F cl
d = F c

d. (21)

with

F d
d =

3

4
Cd
d

ρgε
d
gε

d
s

ds
‖ud

g − ud
s‖(ud

g − ud
s),

F cl
d =

3

4
Ccl
d
ρgεgεs
dcl

‖ud
g − uc

s‖(ud
g − uc

s),

F c
d =

3

4
Cc
d

ρgε
c
gε

c
s

ds
‖uc

g − uc
s‖(uc

g − uc
s).

(22)

F d
d and F cl

d denote the drag forces per unit volume of the
dilute and the dense phase, respectively. The drag force F cl

d

arises from the interaction between the surrounding dilute-
phase gas and the dense-phase particles. The superscripts
d, c and cl refer to the dilute phase, the dense phase and the
particle clusters of diameter dcl (see also figure 1). Since
the particles and clusters are homogeneously distributed the
drag coefficients for particles in the dilute phase, Cd

d , for
particles in the dense phase (cluster), Cc

d, and for the clus-
ters, Ccl

d , can be closed by, for example, using Wen and Yu
(1966)

C i
d =

24

Rei
s

(
1 + 0.15(Rei

s)
0.687

)
(εig)

−2.65, (23)

Ccl
d =

24

Recl
s

(
1 + 0.15(Recl

s )0.687
)
ε−2.65
g (24)

with the Reynolds numbers

Rei
s =

εigρg‖ui
g − ui

s‖ds
µg

, Recl
s =

εgρg‖ud
g − uc

s‖dcl
µg

,

where i ∈ {d, c}. fc denotes the volume fraction of the
dense phase, that is the volume fraction of the clusters,
which is connected to the volume fraction of the dilute
phase as follows fd = 1 − fc. The effective drag coef-
ficient, βe, accounting for the heterogeneity can be derived
from equation (22) yielding

βe =
1

‖ug − us‖
∥∥fdF d

d + F cl
d + fcF c

d

∥∥. (25)

Note that equation (25) is compatible with equations (2) and
(3). According to equation (25) Hd equals βe/βWY in our
study and thus, the filtered drag reads β = βe. Additionally,
ui
g andui

s (i ∈ {d, c}) satisfy the mass conservation for the
fluid (Wang et al., 2008; Hong et al., 2012)

εgug = εdgu
d
gf

d + εcgu
c
gf

c (26)

and for the particle phase

εsus = εdsu
d
sf

d + εcsu
c
sf

c. (27)

Furthermore, the mean voidage εg is given by

εg = εdgf
d + εcgf

c. (28)

However, obviously the set of equations (21), (26), (27) and
(28) (10 equations) is not closed and, thus, βe can not be
computed from equation (25). In detail, we have 18 un-
knowns, these are ui

g , ui
s, εig , εis, fc and dcl, which can be

reduced to 16 by using εis = 1− εig .
For Geldart B and D particles it is reasonable to assume that
O(εds)� O(εcs) (Wang et al., 2010), which implies εdg ≈ 1.
In this case, εdsud

sf
d � εcsu

c
sf

c and this, in turn, implies
εcsu

c
sf

c ≈ εsus. By using εcsfc ≈ εs equations (26), (27)
and (28) reduce to

εgug = ud
gf

d + εcgu
c
gf

c, (29)
us = uc

s, (30)

εg = fd + εcgf
c. (31)

In this limit F d
d is negligible compared to F cl

d and F c
d and,

hence, equation (21) yields

F cl
d ≈ fdF c

d. (32)
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If the voidage within clusters, εcg , is known, the fraction of
clusters can be computed from equation (31) as follows

fc =
1− εg
1− εcg

=
εs
εcs
. (33)

Wang et al. (2008) proposed that

εcg = εs − nσε, (34)

where σε denotes the standard deviation of the fluctuations
of the solids volume fraction. Based on a doubly stochastic
Poisson process, i.e. the number of particles in a cluster fol-
lows a negative exponential distribution (Zou et al., 1994)
and these randomly distributed particles inside a cluster fol-
low a Poisson distribution, they calculated σε as

σε = εs
√
S(εs), (35)

where S(εs) is the static structure factor in the small wave
vector limit written as

S(εs) =
(1− εs)4

1 + 4εs + 4ε2s − 4ε3s + ε4s
. (36)

Furthermore, the probability density function of the normal-
ized cluster diameter, ξ = dcl/ds can be expressed as fol-
lows (Zou et al., 1994)

p(ξ) = A exp

(
− (ξ − 1)b

δ

)
(37)

with δ = εn1
s (εmf

s − εs)−n2ε−n3
g and A is determined by∫∞

1
p(ξ) dξ = 1. εmf

s denotes the solids volume fraction
at minimum fluidization conditions. By experimental cor-
relation the following parameters were obtained: b = 0.72,
n1 = 0.25, n2 = 2.41 and n3 = 1.5. The average clus-
ter diameter as a function of the solids volume fraction is,
therefore, given by (Zou et al., 1994)

〈ξ〉∞ =

∫ ∞
1

ξp(ξ) dξ ≈ 1.8543δ1.3889 + 1. (38)

It is observed that the mean cluster diameter is a mono-
tonically increasing function with the mean solids volume
fraction and diverges at εmf

s . Physically, this behavior is
reasonable since above εmf

s , where no fluidization occurs,
the homogenous distribution of the particles is recovered.
However, clusters greater than the grid spacing ∆ are re-
solved by the grid and, therefore, require no additional mod-
eling. In this case, according to the assumption of homoge-
neously distributed particles inside a cluster, homogenous
conditions in a numerical cell establish and βWY (equation
(5)) would be applicable directly. Therefore, we propose to
use the expectation value of the unresolved clusters for dcl,
that is

dcl = ds〈ξ〉∆ with 〈ξ〉∆ =

∫ ∆/ds

1

ξp(ξ) dξ. (39)

The antiderivative in equation (39) can be evaluated by the
substitution ζ = ξ − 1, which yields

dcl = ds

∫ ∆/ds−1

0

(ζ + 1)p(ζ) dζ. (40)

Integration gives

dcl = ds
Γ(b̄)− Γ(b̄, ∆̄) + δ1/b

(
Γ(2b̄)− Γ(2b̄, ∆̄)

)
bΓ(1 + b̄)

.

(41)

with

b̄ = b−1 and ∆̄ =

(
∆

ds
− 1

)b
δ−1.

Γ(a, z) denotes the incomplete Gamma function given by

Γ(a, z) =

∫ ∞
z

ta−1e−t dt.

Note that Γ(a) = Γ(a, 0). As ∆ approaches∞, dcl tends
to result of equation (38), that is

lim
∆→∞

dcl = ds〈ξ〉∞.

In figure 2 the expectation value of the dimensionless clus-
ter diameter 〈ξ〉∆ = dcl/ds is plotted as a function of the
mean voidage εg . The figure shows that for grid spacings
of O(∆) < O(10ds) the unresolved clusters only affect
regions of high voidage, i.e. εg > 0.85. Thus, in case of
fluidized beds, where regions of low voidage are predomi-
nant, a homogenous drag law can be applied for grid spac-
ings ∆ < 10ds (Andrews et al., 2005). In contrast, for grid
spacings of O(∆) > O(100ds) clusters containing a huge
number of particles are present for nearly the whole range of
εg indicating pronounced heterogenous sub-grid structures,
which require additional modeling in the sense of equations
(29)–(32).

0.5 0.6 0.7 0.8 0.9 1.0
Εg

10

100

1000

10
4

10
5

dcl

ds

Figure 2: The dimensionless average cluster diameter 〈ξ〉∆ =
dcl/ds as a function of the mean voidage εg (εmf

s = 0.5) for dif-
ferent grid spacings ∆: — 10ds; – – 100ds; − · −∞.

To sum up, we have closed the system of equations (29)–
(32) by assumptions about the void fraction inside a cluster
(equation (34)) and the mean unresolved cluster diameter
(equation (41)). However, the fluid velocity in the dilute
region, ud

g , and the fluid velocity inside a cluster, ud
g re-

main unknown. These can be obtained from the following
nonlinear system of equations

G(ud
g ,u

c
g) =

(
εgug − ud

gf
d − εcguc

gf
c

F cl
d − fdF c

d

)
= 0. (42)

with us = uc
s and fd + fc = 1. Equation (42) can be

solved iteratively by applying Newton’s method or Broy-
don’s method.
Finally, the effective drag coefficient including sub-grid
structures may read as

βe =
1

‖ug − us‖
∥∥F cl

d + fcF c
d

∥∥, (43)

where F cl
d and F d

d can be computed from the solution of
equation (42).
In figure 3 the heterogeneity index Hd = βe/βWY for
equation (43) is plotted. Firstly, the figure shows is that
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Figure 3: Heterogeneity index Hd = βe/βWY for ρs =
930 kg s−1 and ds = 54µm as a function of the mean voidage εg
for different grid spacings ∆ and slip velocities usl

s = ‖ug−us‖:
— ∆ = 100ds, usl

s = 0.1 m s−1; – – ∆ = 100ds, usl
s =

15 m s−1; − · − ∆ = 200ds, usl
s = 0.1 m s−1. The shaded

area between the thin lines correspond to the EMMS/matrix model
(extracted from Lu et al., 2009) covering a slip velocity range of
0.001 < usl

s < 15.2 m s−1.

Hd � 1, i.e. compared to the homogeneous correla-
tion βWY the effective drag βe is significantly reduced,
at voidages εg with large unresolved clusters. Secondly,
Hd increases for increasing slip velocity usl

s , which is in
accordance with the predictions of the EMMS model. Fi-
nally,Hd decreases for increasing grid spacing ∆, since the
expectation value of the diameter of the unresolved clus-
ters increases as well. This is in contrast to the EMMS
model, which does not distinguish between resolved and
unresolved clusters. This, in turn, implies that EMMS pre-
dicts a significantly lower heterogeneity index in the dense
regime (low voidage), where the clusters are resolved by
the grid, than the presented model. However, around the
solids volume fraction at minimum fluidization conditions
the prevailing frictional stresses may also homogenize the
granular assembly and, therefore, Hd tends to unity around
εmf
s as predicted by the presented model.

BUBBLING FLUIDIZED BED

To validate the presented sub-grid drag correlation we stud-
ied a gas-solid bubbling fluidized bed of Geldart B particles
with a diameter of ds = 150µm and a density of ρs =
2500 kg m−3. The gas density was ρs = 2500 kg m−3

and the inflow gas velocity was set to uin
g = 0.3 m−1.

The remaining model parameters were set to εmf
s = 0.5,

εmax
s = 0.6, µw = 0.5, es = 0.9, ew = 0.9 and β0 = 0.4

(Schneiderbauer et al., 2012a). The dimensions of the flu-
idized bed are 150×40×2500 mm and the initial bed height
was chosen 0.5 m.
We obtained a time-dependent solution using a grid spac-
ing ∆ = 8ds, which is assumed to be sufficiently fine to
resolve all heterogeneous structures (Andrews et al., 2005),
referred to as reference solution. Thus, we used the ho-
mogenous drag correlation in equation (5) since βe ≡ βWY

for ∆ ≤ 10ds in case of fluidized beds. To study the
impact of disregarding sub-grid structures on the behav-
ior of the fluidized bed, that is for example the bed ex-
pansion, we repeated this simulation using a grid spacing
of ∆ = 100ds (coarse grid). In figure 4 a comparison of
the time-averaged axial profile of the filtered solids volume
fraction εs is shown. It is observed that neglecting sub-grid
inhomogeneities leads to a significant over-prediction of the
bed expansion using the coarse grids. In fact, the bed expan-
sion is overestimated by about 80% compared to the fully
resolved reference simulation. Furthermore, figure 5 shows
that the coarse grid simulation generally underestimates the
standard deviation of the filtered solids volume fraction.
This indicates that the bubbling of the fluidized bed is less
pronounced using the coarse grid. In other words, the par-
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Figure 4: Axial profile of the time averaged filtered solids volume
fraction, εs. The averaging time is 10 s (z in m).

ticles are predicted to be less heterogeneously distributed
and no distinct bubbles form, which is also confirmed by
comparing snapshots of the spatial distribution of the solids
volume fraction (figure 6).
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Figure 5: Axial profile of the standard deviation of the filtered
solids volume fraction, σε. The averaging time is 10 s (z in m).

Finally, we studied the behavior of the fluidized bed using
the presented effective drag correlation (equation (43)) us-
ing the coarse grid (∆ = 100ds). Figure 4 clearly demon-
strates that the bed expansion is predicted correctly using
the coarse grid if sub-grid structures are considered. In
addition, the presented drag model predicts the axial time-
averaged profile of the solids volume fraction appropriately,
which is characterized by higher particle concentrations in
the gas-inflow area, i.e. 〈εs〉 ≈ 0.45 for z < 0.3 m, and
lower particle concentrations at lower hydrostatic pressure,
i.e. 〈εs〉 ≈ 0.4 for z > 0.3 m. Even though the standard de-
viation of the solids volume fraction differs from the fully
resolved simulation up to 50% in the gas-inflow area, the
amount bubbling and the formation of distinct bubbles is
recovered by the coarse grid simulation using the presented
effective drag (figure 6). Especially for z > 0.2 m the figure
shows a good correlation between both simulations.

DISCHARGE FROM A BIN
In figure 7 the computed discharge rates from a rectangu-
lar bin using the presented frictional closure closure for Sfr

s
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Figure 6: Snapshot of the filtered solids volume fraction, εs, at
t = 10 s (z in m). a) fully resolved, b) fully resolved displayed
on the coarse grid, c) coarse grid using βWY (equation (5)) and d)
coarse grid using βe (equation (43)).

are compared to the experimental results. Note numeri-
cal settings, dimensions of the bin and experimental data
can be found in Schneiderbauer et al. (2012a). The dis-
charge rates obtained by the presented rheological model
agree very accurately with the experiment for each parti-
cle diameter. Even though the discharge rate of the 4 mm
particles is predicted correctly. In this case, the particle di-
ameter is comparable with the width w of the exit orficie,
that is w = 10 mm.
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Figure 7: Discharge rates ṁ in kg s−1 from a rectangular bin as a
function of the particle diameter ds in m; ×: discharge measure-
ments; �: Sfr

s closed by µi(Is)-rheology (results from Schneider-
bauer et al., 2012a). The horizontal error bars correspond to the
standard deviations of the glass beads, the vertical error bars corre-
spond to the simulated discharge rates.

CONCLUSIONS AND OUTLOOK
In this paper, we have introduced a new closure for the het-
erogeneity index Hd, that is the correction of a homoge-
nous drag correlation to account for sub-grid structures. Its
derivation is based on the assumption about the formation
of clusters. In contrast to EMMS, which is also fundamen-
tally based on the cluster concept, we distinguish between
resolved and unresolved clusters. Furthermore, we assumed
that the solids volume within the dilute phase is negligibly
small leading to a closed set of equation for the heterogene-
ity index. Finally, we investigated the discharge from a rect-
angular bin.
The results show applying a homogenous drag law fails to
predict the bed expansion using a finite volume mesh with
a grid spacing of 100 particle diameters. It is further ob-
served that in this case the simulation delivers a completely
different behavior of the fluidized bed (for example bubble

size and form) compared to the fully resolved case. In con-
trast, applying the presented filtered drag correlation yields
excellent agreement of predicted bed expansion and bed be-
havior with the fully resolved simulation.
The frictional closure was additionally validated by mea-
surements of the discharge rates from a rectangular bin. It
was shown that the model predicts the discharge rates very
accurately even for particles with a diameter in the order of
the dimensions of the exit orifice.
Future work will concentrate on testing the presented drag
correction in different flow regimes as, for example, for
varying inflow gas velocities. Furthermore, the applicabil-
ity of the model to different grid size to particle diameter
ratios ∆/ds and to Geldart A particles should be studied.
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